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theory
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Abstract—Main landmarks in the evolution of the mixing length hypothesis, its impact on the development of
calculation methods for the turbulent boundary layers, and the general influence on the development of the
turbulence theory are considered.

THE YEAR 1983 marked the centenary of the publication
of Reynolds’ paper [ 1] on the results of the experiments
in which, for the first time, the existence of two main
flow regimes and the effect of their transition from one
to the other had been clearly demonstrated with the aid
of a tinted jet. The year 1985 marks 90 years since the
publication of another paper of his in which, also for the
first time, the equations of the averaged turbulent flow
were formulated and the problem set to determine the
critical value of what is now called the Reynolds
number [2]. The incorporation into these equations of
the terms that characterize the molar transfer effects, i.e.
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has set forth the problems of the closure of the
equations and of the formulation of corresponding
boundary conditions. The higher-order moment
equations set up for the first time by Keller and
Friedman [3] distinctly demonstrated the fundamental
nature of these problems in a most general formulation.

The mixing length hypothesis, owing its origin to
Prandtl [4,5] and Taylor [6], was the first, and
surprisingly successful, attempt to close the Reynolds
equations for a two-dimensional boundarylayer. In the
author’s opinion, the influence of this hypothesis on the
development of the theory, experimental research and
engineering calculation methods of the turbulent
boundary layers cannot be overemphasized. Whilst its
heuristic aspect and terminology were time and again
subjected to scepticism and argument, in actual fact its
impact on the development of the turbulence theory lies
far outside the framework of specific applications. It is
also a remarkable fact that the mixing length concept is
closely connected with the development of physical and
mathematical models on the basis of the physical
similarity analysis and has actually been advanced at
the same time as the foundations of the latter have been
laid [7-10].

The limiting hydrodynamic situation, in which there
isasimpleinterrelation between the averaged moments
of the fluctuating flow velocity vector component and
the averaged velocity, has been most lucidly formulated
by Prandtl.

Suppose a one-dimensional averaged flow on an
infinite smooth plate is considered, whose averaged

velocity {u) changes only along the normal to the solid
surface. In a model such as this, which is asymptotic
with respect to the actual flows, the situation is
characterized by the following conditions

{y=0,<w0,u;=0; y—oo,up-U
=1, u)=f)) @

Moreover, there are two physical properties of the
medium which are essential to the physical problem
considered : the density p and the dynamic viscosity of
the liquid u. The condition y > 0 is responsible for the
effect of liquid clinging to the solid wall and,
consequently, for the appearance of a certain wall layer
in which the effect of molecular friction makes itself felt
appreciably, while the turbulent friction is negligibly
small. Prandtl called this region (0 <y < y,) the
laminar sublayer. Outside this sublayer (y > y,), the
averaged flow is virtually entirely governed by
the turbulent transfer in the sense of equation (1).
Just like Reynolds, Prandtl started from the analogy
with the kinetic theory concepts having assumed the
magnitude of turbulent disturbance to be proportional
to the averaged velocity gradient and to some linear
scale being an analog of the molecular free path length

gradp =0;
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The quantity [, has been termed the mixing length,ie. a
certain distance at which the appearing turbulent
disturbances (called ‘vortices’ by Taylor and ‘moles’ by
Prandtl) lose their individuality.

In the limiting Prandtl model formulated above,
there is only one characteristic linear dimension, so
that, apart from the sign,

4

dy

where X is a certain constant.

Note should be taken of the following important
fact : the derivation of formula (3) in this model requires
no analogies at all with the kinetic theory of heat and
canbe carried outin a purely formal way (or, to be more
precise, in a most abstract manner) proceeding only
from the dimensional reasoning and from a clear
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NOMENCLATURE

c heat capacity y coordinate normal to the surface

Ceo friction factor of a smooth y* dimensionless coordinate, (u*y)/v
impermeable surface y relative transverse coordinate, y/é

L characteristic dimension of the
streamlined body

p pressure Greek symbols

4, turbulent heat flux vector component 0 characteristic thickness of the
normal to the wall boundary layer

T temperature fluctuation v kinematic viscosity, y/p

u; ith component of the fluctuating flow P density of the fluid
velocity vector p relative gas density, p/p,

{uu;> one-point correlation of velocity Po gas density outside the boundary layer
fluctuations T Reynolds stresses

ut dimensionless velocity, (u)/u* T shearing stress in the plane (x, z)

{i) relative averaged velocity, {u)/U Ty stress on a solid surface

v normal component of velocity T relative shearing stress, 1/t
fluctuations ¥ relative friction factor, C¢/Cy,

physical concept that in the flow considered the source
of turbulent disturbances is the flow friction against the
wall which causes the inhomogeneous averaged flow
velocity profile.

In this way, the first two-layer gradient model of a
turbulent boundary layer appeared which made it
possible to find the famous law which governs the
logarithmic velocity distribution

1
vyt >y, u*=C+§lny+. (5)

Here C = y{ —N"!lny;. The quantity u* = Mis
a certain intrinsic scale for the velocity in the given
model commonly referred to as the friction velocity ; y;
is the conditional edge of the laminar sublayer given by
the intersection of the logarithmic velocity profile,
equation (5), in the region y* >y and the linear
velocity profile u* = y* in the region y < y;. The
experiments by Nikuradze [11] brilliantly confirmed
the main results of the mixing length model. However,
the problem of describing the turbulent transport of
heat(and generally of any admixtures to the ﬁquid) even
in an extremely simplified physical model such as this
required that what is transported by the "turbulent
velocity fluctuations be more clearly determined as

g, = —c,XT'v). (6)

On Prandtl’s model, the transports of momentum
and heat by formulae (1) and (6) turned out to be
completely identical,i.e. the ‘turbulent Prandtl number’
Pry = 1. On Taylor’s vorticity transport model, Pry
< 1 and, as was shown by Taylor, for a turbulent wake
this model gave Pr; = 0.5. The experiment supported
this conclusion rather well, and thus the first
fundamental foundation of the eddy turbulence models
was set down.

Prandtl’s works already clearly pointed to a complex
hierarchal structure of the turbulent flow and to the fact
that the mixing length should be considered as the

characteristic turbulent transfer scale being dependent
on a number of factors. In particular, this is evidenced
by his remarks about turbulent transports on the
channel axis, where d<u)/dy = 0 and a purely gradient
description such as equation (3) are inadequate, and
about the existance of the flow regions in which the
mixing length is of the order of the characteristic linear
dimension as, e.g. in free submerged jets and in wall
boundarylayersat y & 0.28, where §is the channel half-
width or the nominal boundary layer thickness in an
infinite flow.
In a certain sense, the formula

I=Ny Q]

also reflects the ‘long-range’ turbulence effects, i.e. the
dependence of the local turbulence parameters not only
on the local averaged velocity profile characteristics (in
a simple model on é{u)/dy), but also on the mixing
length determined integrally. Itis not by chance that the
possibility arises for an integral description ofa number
of turbulent flows in terms similar to those used in the
radiation theory [12]. However, the quest for a local
description of turbulence was stimulated not only by
certain traditions in the hydrodynamics, but also by an
intuitive desire of some investigators to make these
descriptions more uniform. This trend is associated
with work by Karman [13] and its extension by
Loitsyansky [14], Novozhilov [15] and a number of
other scientists. The respective hypothesis was
formulated by von Karman thus: “...the similarity of
fluctuations irrespective of the point in the flow in
whose vicinity these fluctuations are being considered’.
The basic and practically usable result of this
hypothesis is the following expression for the mixing
length in a two-dimensional boundary layer

o uy | 82udy
dy ay?

For the conditions p = const. and 1 = const., this

=N

(®)
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formula yields the same result as Prandtl’s formula (7).
The numerical values of the constants X are also the
same in these formulae. However, in more complex
situations (nonisothermicity, compressibility, perme-
ability of the streamlined surface, pressure gradient,
etc.) the Prandtl and von Karman hypotheses yield
ambiguous results. For example, one may compare the
final results of refs. (16] and [17]. In the author’s
opinion, the whole background of actual information
points to the limited usefulness of the local models as
compared with the integral ones.

The extension of the mixing length model to spacial
flows turns out to be quite effective in a number of cases.
Among the examples of such extensions are the works
of Buleyev [18].

It was von Karman who, within the framework of the
mixing length hypothesis, made an important remark
on the great significance of the transition region
between the laminar sublayer and the region of fully
developed turbulence [19]. For an incompressible
liquid boundary layer at small pressure gradients this
region is roughly confined within 5 < y* < 50. Here,
both the molecular and turbulent friction effects are
commensurable, varying from the predominant
influence of the former when y* — 5-10 to the full
predominance of the latter at y* =~ 30-50. Exhibiting a
slight effect in the hydrodynamic friction calculations,
this region substantially influences the heat transfer
rate at the Prandtl numbers of the order of 5-25. At still
greater Prnumbers, the turbulent transfer of heat in the
laminar sublayer becomes operative, so that the
following condition is valid [20,21]:

yt <y{,Prooo; Prr—oconst. Pr7!.  (9)

The reason for this is that in a viscous sublayer the
turbulent viscosity u; ~ y3, while the turbulent
thermal conductivity A1 ~ y", so that the exponent n
varies from 3 to 4 with an increasing Pr number.

Von Karman’s logarithmic approximation of the
velocity profile in the buffer sublayer (5 < y* < 50) has
turned out to be effective for a number of calculations,
including the non-Newtonian media, and besides in a
much wider range of the y* values (for example, a
channel can be completely filled with such a ‘buffer’ flow
alone).

It can be said with a certain confidence that ever since
von Karman’s works great interest has developed in the
study of turbulent effects in the immediate vicinity of the
solid wall, and the change-over has started from the
original term ‘laminar sublayer’ to a more substantial
concept ‘viscous sublayer’ with its complex and strong
turbulence [22-25].

The examples of efficient programmes for boundary
layer calculations on the basis of the mixing length
hypothesis can be found in ref. [26].

It is thought that, to a certain degree, the classical
ideas of the mixing length hypothesis have logically
culminated in the model of a liquid with vanishing
viscosity [27]. In a medium with an arbitrarily small,
but never zero, viscosity, the following conditions hold
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for any flow velocities and dimensions of a streamlined
body

1£30:Re—> o, §/L-0,y,/6-0. (1)

Thus, in this limiting (asymptotic) model, two
general ideas of the mixing length and boundary layer
hypotheses—the local one-dimensionality and large
Reynolds numbers—are employed. Of principal
importance also, is, the effect of viscous sublayer
degeneration. This model leads to the integral relation
of the form [20,27]:

1 ﬁ 1/2
Re — o0, J ( — ) dday - 1. (11)
0 ‘P‘Cy'ﬂ

Anessential feature of this integralrelationis thatina
number of canonical cases it can be solved in
quadratures which makes it possible to select relatively
simple theoretical formulae convenient for the
programmes of calculations of many practically
important problems [28].

As an example the following relations can be given:

(a) In the case of an incompressible isothermal flow
past a permeable plate

b2
Re — oo, ‘P—»(l—z)

where b =j,/Cy, is the permeability factor; J,
= ju/poU, is the relative flow rate through a
permeable surface.
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(b) For a gas flow past an adiabatic plate

<arc sin \/ E_CT) 5

w *

y*—1
where y = T,/T, is the temperature factor; y* = 1
+4(y — 1)M?is the kinetic temperature factor ; y the

Poisson specific heat ratio, M the Mach number.
(c) For a subsonic flow past a plate

¥

Re - o0, ¥ = y*; (13)

2 2
Re—» o, M«1, ‘I‘—»( > (14)
1+/¥
When the three factors b, i, and * interact, the
relatively complex quadratures can be roughly
approximated by the following simple formula

Re—w, ¥aWV,¥,.¥, (15)

The subscripts used here correspond to formulae
(12), (13) and (14).

A purely gradient description of turbulent transfer,
the first example of which is given by formula (3), is
inadequate for representing complex flows and the
domain of extreme velocity, temperature, and concen-
tration fields. This probler was first set by Prandtl
within the framework of the mixing length model. For a
qualitative description of turbulence transport in the
region of the channel axis he suggested that the rate of
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turbulent transfer be evaluated on the basis of the
velocity gradient averaged in the vicinity of its

extremum
i ouy\?
<uv)~<( dy > >AJ"

Here, Ay means that the averaging has been carried out
in the neighbourhood of + Ay from the coordinate y,,
which corresponds to the extremal value of {(u).

(16)

CONCLUSION

The mixing length hypothesis turned out to be the
first semiempirical theory of closure of the averaged
turbulent flow equations. Its development gave rise to
such fundamental concepts as:

—linear scale of turbulent transfer;

—separation of a turbulent flow into a number of
interacting but distinct regions;

—vortical mechanism of turbulence transport;

—gradient and non-gradient mechanisms of turbu-
lence transport;

—non-similarity between the processes of momentum
and neutral impurity (specifically heat) transport ;
—complex picture of the actual situations in the
immediate neighbourhood of the solid wall (viscous
sublayer)in the case of a quasilaminar averaged flow.

The theory has formed the basis for the development
of a number of asymptotic, physically meaningful
models ; has given impetus for performing considerable
amount of fundamentally important experimental
research to investigate the averaged turbulent flows
and also their thin structure ; and has made it possible
to develop efficient, well-tried (experimentally and
practically) methods of calculation for numerous
turbulent boundary layers and jet flows.

Thus, the mixing length hypothesis is the next, after
the Reynolds equations, fundamental contribution to
the theory to the theory of the developed turbulent flow.

REFERENCES

1. O. Reynolds, An experimental investigation of the
circumstances which determine whether the motion of
water shall be direct or sinuous, and the law of resistance in
parallel channels, Phil. Trans. R. Soc. Lond. 174, 935-982
(1883).

2. O. Reynolds, On the dynamical theory of incompressible
viscous fluids and the determination of the criterion, Phil.
Trans. R. Soc., Lond (1895).

3. L. Keller and A. Friedmann, Differentialgleichungen fur
die turbulente Bewegung eirer kompressibelen
Flussigkeit, Proc. 1. Inter. Congr. Appl. Mech. 5, 395-405
(1925).

4, L. Prandtl, Bericht uber Untersuchungen zur ausgebil-
deten Turbulenz, Z. Angew. Math. und Mech. 5, 136-139
(1925).

5. L. Prandtl, Neuere Ergebnisse der Turbulenzforschung,
Z.VDI T1(5), 105-114 (1933).

S. S. KUTATELADZE

6. G. 1. Taylor, Note on the distribution of turbulent
velocities in a fluid near a solid wall, Proc. R. Soc. Ser. A
135, 678-684 (1932)

7. E. Buckingham, On physically similar systems; illust-
rations of the use of dimensional equations, Phys. Rev.
4(4), 345-376 (1914).

8. W. Nusselt, Das Grundgesetz des Warmeuberganges,
Gesundheits-Ingenieur 38(42), 477-482, 490496 (1915).

9. T. Ehrenfest-Afanessyewa, Der Dimensionsbegriff und
der analytische Bau physikalischer Gleichungen, Math.
Annalen 77(2), 259-276 (1916).

10. P. W. Bridgman, Dimensional Analysis. ONTI GTTI,
Moscow (1939).

11. J. Nikuradze, Gesetzmassigkeiten der turbulenten
Stromung in glatten Rohren, VDI Forschungsheft No.
356, 1-36 (1932).

12. A. T. Onufriyev, Concerning the equations of the
semiempirical turbulent transfer theory, Prikl. Mat. Tekh.
Fiz. No. 2, 62-71 (1970).

13. Th. Karman, Mechanische Ahnlichkeit und Turbulenz,
Nachr. Ges. Wiss. Gottingen, Math.-Phys. Kl. §.58-76
(1930).

14. L.G. Loitsyansky, The turbulent motion of liquid and the
interior problem, Proc. All-Un. Res. Inst. of Hydro-
technology 9 (1933).

15. V. V. Novozhilov, The one-layer theory of steady
turbulent incompressible liquid flows and its application
to the calculation of equilibrium turbulent boundary
layers, LSU Proc. Ser. Math., Mekh. Astr.No. 13, 129-145
(1976).

16. K.K.Fedyayevsky, A.S. Ginevsky and A. V. Kolesnikov,
Calculation of the Turbulent Boundary Layer of an
Incompressible Liquid, Sudostroyenie Publishing House,
Leningrad (1973).

17. Yu.V.Lapin, Turbulent Boundary Layer in Supersonic Gas
Flows, Nauka Publishing House, Moscow (1970).

18. N. L. Buleyev, Theoretical model of the liquid flow
turbulent transfer mechanism, in Heat Transfer, pp. 64—
98. Moscow (1962).

19. Th. Karman and C. Pasadena, The analogy between fluid
friction and heat transfer, Trans. ASME 61(8), 705-710
(1939).

20. S.S.Kutateladze, The Wall Turbulence, Naula Publishing
House, Novosibirsk (1973).

21. P. I. Geshev, Characteristics of the turbulent transfer
coefficients in a viscous sublayer, Prikl. Mat. Tekh. Fiz.
No. 2, 61-66 (1974).

22. J. Laufer, The structure of turbulence in fully developed
pipe flow, NACA Tech. Repts. No. 1174, Washington
(1954).

23. S. I. Kline, W. C. Reynolds, F. A. Schraub and P. W.
Runstadlier, The structure of turbulent boundary layers,
J. Fluid Mech. 30(4), 741-773 (1967).

24. E. M. Khabakhpasheva, Investigation of the wall
turbulence by stroboscopic visualization, in The Wall
Turbulence, pp. 142148, Novosibirsk (1968).

25. S.S. Kutateladze, E. M. Khabakhpasheva, V. V. Orlov et
al., Experimental investigation of the structure of near-
wall turbulence and viscous sublayer, in Turbulent Shear
Flow YI, pp. 91-103, Berlin (1979).

26. D. B. Spalding and S. V. Patankar, Heat and Mass
Transfer in Boundary Layers, Margan-Grampian,
London (1967).

27. S.S.Kutateladze and A. 1. Leonitiev, Turbulent Boundary
Layer of a Compressible Gas, Sib. Br. USSR Ac. Sci. Press,
Novosibirsk (1962).

28. S. S. Kutateladze and A. 1. Leontiev, Heat and Mass
Transfer and Friction in a Turbulent Boundary Layer,
Energia Publishing House, Moscow (1982).



The mixing length hypothesis in the turbulence theory

L'HYPOTHESE DE LA LONGUEUR DE MELANGE DANS LA THEORIE DE LA
TURBULENCE

Résumé—On considére les points principaux de I’évolution de I'hypothése de la longueur de mélange, son
impact sur le développement des méthodes de calcul pour les couches limites turbulentes et I'influence générale
sur le développement de la théorie de la turbulence.

DIE MISCHUNGSWEG-HYPOTHESE IN DER THEORIE DER TURBULENZ

Zusammenfassung — Betrachtet werden die wesentlichen Marksteine bei der Entwicklungder Mischungsweg-
Hypothese, ihr Einfluf} auf die Berechnungsverfahren fiir turbulente Grenzschichten und der allgemeine
EinfluB auf die Entwicklung der Theorie der Turbulenz.

'MITOTE3A NNYTU CMEWEHWUA B TEOPUHU TYPBYJIEHTHOCTH

AnnoTamus—PaccMaTpHBAIOTCs CYLUECTBEHHDBIE 3TAllbl PA3BUTHUS THIOTE3bI TYTH CMELUEHNS, €€ BIIHSIHME
Hd CO3/IaHHE METOJOB pacueTa TYPOYJIEHTHBIX MOTPAaHHYHBIX CI0EB, OOlee BO3EHCTBHE HA Pa3BUTHE
TEOpPHH TypOYJIEHTHOCTH.
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